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Conformal Killing-Yano tensors are introduced as a generalization of Killing vectors.
They describe symmetries of higher-dimensional rotating black holes. In particular, a rank-2
closed conformal Killing-Yano tensor generates the tower of both hidden symmetries and
isometries. We review a classification of higher-dimensional spacetimes admitting such a
tensor, and present exact solutions to the Einstein equations for these spacetimes.
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§1. Introduction
Symmetries of spacetimes play an important role in the study of exact solu-
tions of Einstein equations. Killing vectors describe isometries on the spacetimes,
which are the most fundamental continuous symmetries. If spacetimes have enough
isometries, one can expect that the Einstein equations become a system of alge-
braic or ordinary differential equations and then one may find the general solutions
typeset using PTPTEX.cls 〈Ver.0.9〉
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comparatively easily. Recently, inspired by the supergravity theories and string
theories a large number of higher-dimensional rotating black hole solutions have
been found.1)–6) The most general known vacuum solution is the higher-dimensional
Kerr-NUT-(A)dS metric.5) Although these exact solutions have been constructed,
an organizing principle is still lacking, and also the isometries are not usually enough
to characterize the solutions. What would be a generalization of the Killing vector
which is effective in higher-dimensional spacetimes?
We begin with a brief review of the four-dimensional Kerr geometry. Arguably,
“hidden symmetries” of the Kerr spacetime would lead us to generalizations of Killing
vectors. One of the most remarkable properties of the Kerr spacetime is separation
of variables in the equations for a free particle, scalar, Dirac and Maxwell fields
and gravitational perturbations,7)–13) while not enough isometries are present. The
existence of a Killing-Yano tensor explains these integrabilities within the geomet-
ric framework; besides isometries the Kerr spacetime possesses hidden symmetries
generated by the Killing-Yano tensor.14)–17)
In the 1950s and 1960s Killing-Yano tensors and conformal Killing-Yano ten-
sors, which are generalizations of Killing vectors and conformal Killing vectors re-
spectively, were investigated by Japanese geometricians.18)–22) In spite of interest
to continue for a long time, much less is known about these tensors. This article
attempts to move this situation forward. We will see that conformal Killing-Yano
(CKY) tensors are successfully applied to describe symmetries of higher-dimensional
black hole spacetimes. In particular, a rank-2 closed CKY tensor generates the tower
of both hidden symmetries and isometries.23)–25) We present a complete classifica-
tion of higher-dimensional spacetimes admitting such a tensor,26) and further obtain
exact solutions to the Einstein equations.27)
As an interesting case one can consider a special CKY tensor with maximal or-
der, which we call a principal CKY tensor. It is shown that the Kerr-NUT-(A)dS
spacetime is the only Einstein space admitting a principal CKY tensor.28), 29) For
general (possibly degenerate) rank-2 closed CKY tensor the geometry is much richer,
and the metrics are written as “Kaluza-Klein metrics” on the bundle over Ka¨hler
manifolds whose fibers are Kerr-NUT-(A)dS spacetimes. It is remarkable that a
so-called Wick rotation transforms these metrics into complete (positive definite)
Einstein metrics without singularities.4), 30), 31) We also briefly discuss an extension
of this classification,32), 33) where a skew-symmetric torsion is introduced. The space-
times with torsion naturally occur in supergravity theories and string theories, and
then the torsion may be identified with a 3-form field strength.34)
The paper is organized as follows. After reviewing the four-dimensional Kerr
geometry in section 2, we introduce CKY tensors in section 3, and their basic prop-
erties are discussed. In section 4 we describe a higher-dimensional generalization of
the Kerr geometry. Section 5 is a central part of this paper. A complete classification
of spacetimes admitting a CKY tensor is given by theorems 5.1–5.3. Finally, section
6 involves two components of independent interest. In the first part we review a
Killing-Yano symmetry in the presence of torsion. In the second part, as an applica-
tion of theorems 5.2 and 5.3, we present existence theorems 6.1 and 6.2 of Einstein
metrics on compact manifolds. Section 7 is devoted to summary.
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Many of results presented here are already available in the literature. However,
we collect them in a systematic way with a particular emphasis on exact solutions
and symmetries.
Notations and Conventions
In this chapter we use a mixture of invariant and tensorial notation. The tensors
are denoted in boldface, as ξ, g, · · · , and their components are in normal letters.
Indices a, b, · · · are used for abstract index and indices M,N, · · · for components in
a certain local coordinates qM on D-dimensional spacetime (M,g). Especially, a
differential p-form (a rank-p antisymmetric tensor) k denotes
k =
1
p!
kM1···Mp dq
M1 ∧ · · · ∧ dqMp , (1.1)
where ∧ stands for the Wedge product. As the differential operator, we use the
exterior derivative d, co-exterior deivetive δ and Hodge star ∗ mapping a p-form k,
respectively, into a (p+ 1)-form dk, a (p− 1)-form δk and a (D − p)-form ∗k as
(dk)a1a2···ap+1 = (p+ 1)∇[a1ka2···ap+1] ,
(δk)a1 ···ap−1 = −∇bkba1···ap−1 ,
(∗k)a1···aD−p =
1
p!
εa1···aD−p
b1···bpkb1···bp , (1.2)
where εa1···aD is the D-dimensional Levi-Civita tensor.
§2. “Hidden Symmetry” of the Kerr Black Hole
2.1. Symmetries in the Kerr spacetime
In 1963, Kerr35) discovered a stationary and axially symmetric solution, which
is describing a rotating black hole in a vacuum. The Kerr metric is written in the
Boyer-Lindquist’s coordinates as
ds2 =− △
Σ
(
dt− a sin2 θdφ
)2
+
sin2 θ
Σ
(
a dt− (r2 + a2)dφ
)2
+
Σ
△ dr
2 +Σ dθ2 , (2.1)
where
Σ = r2 + a2 cos2 θ , △ = r2 − 2Mr + a2 . (2.2)
This metric admits two isometries, ∂t and ∂φ, which corresponds, respectively, to
the time translation and the rotation. The parameters M and a are responsible
for the mass M and the angular momentum J = Ma of the black hole. When the
black hole stops rotating, i.e., a = 0, a static and spherically symmetric solution,
Schwarzschild metric,36) is obtained.
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It is convenient to introduce an orthonormal basis {eµ} (µ = 0, 1, 2, 3) from the
view point of hidden symmetries. For the Kerr metric (2.1), we choose it as
e0 =
√△√
Σ
(
dt− a sin2 θdφ
)
, e1 =
√
Σ√△ dr ,
e2 =
sin θ√
Σ
(
a dt− (r2 + a2)dφ
)
, e3 =
√
Σ dθ , (2.3)
in which the metric is written as
ds2 = −e0e0 + e1e1 + e2e2 + e3e3 . (2.4)
The inverse basis {eµ} is given by
e0 =
1√
Σ△
(
(r2 + a2)∂t + a∂φ
)
, e1 =
√△√
Σ
∂r ,
e2 = − 1√
Σ sin θ
(
a sin2 θ ∂t + ∂φ
)
, e3 =
1√
Σ
∂θ . (2.5)
From the first structure equation
deµ + ωµν ∧ eν = 0 (2.6)
and ωµν = −ωνµ, we obtain the connection 1-forms
ω01 = −Ae0 −Be2 , ω02 = −Be1 + Ce3 , ω03 = −De0 − Ce2 ,
ω12 = Be
0 − Ee2 , ω13 = De1 − Ee3 , ω23 = −Ce0 − Fe2 , (2.7)
where
A =
d
dr
(√△√
Σ
)
, B =
ar sin θ
Σ
√
Σ
, C =
a cos θ
√△
Σ
√
Σ
,
D = −a
2 sin θ cos θ
Σ
√
Σ
, E =
r
√△
Σ
√
Σ
, F = − 1
sin θ
d
dθ
(sin θ√
Σ
)
. (2.8)
2.1.1. Separation of variables in the field equations
In 1968, it was demonstrated by Carter7), 8) that in a class of solutions of
Einstein-Maxwell equations including the Kerr spacetime, both of the Hamilton-
Jacobi and the Schro¨dinger equation (as the scalar field equation) can be solved by
separation of variables. This means that there exists a forth integral of geodesic
motion known as Carter’s constant, apart from integrals associated with two Killing
vectors and the Hamiltonian. The geodesic motion of a particle is governed by the
Hamilton-Jacobi equation for geodesics
∂λS + g
ab∂aS ∂bS = 0 . (2.9)
For the Kerr metric (2.1), this equation takes the following explicit form
∂S
∂λ
− 1
Σ△
(
(r2 + a2)∂tS + a ∂φS
)2
+
△
Σ
(∂rS)
2
+
1
Σ sin2 θ
(a sin2 θ ∂tS + ∂φS)
2 +
1
Σ
(∂θS)
2 = 0 . (2.10)
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Then, we find that it allows the additive separation
S = −κ0λ− Et+ Lφ+R(r) +Θ(θ) , (2.11)
and hence the functions R(r), Θ(θ) obey the ordinary differential equations(dR
dr
)2
− W
2
r
△2 −
Vr
△ = 0 ,
(dΘ
dθ
)2
+
W 2θ
sin2 θ
− Vθ = 0 , (2.12)
where
Wr = −E(r2 + a2) + aL , Vr = κ+ κ0 r2 ,
Wθ = −aE sin2 θ + L , Vθ = −κ+ κ0 a2 cos2 θ . (2.13)
As a consequence, we obtain the momentum of the particle pa = ∂aS
p = −E dt+ Ldφ±
√
W 2r
△2 +
Vr
△ dr ±
√
Vθ − Wθ
sin2 θ
dθ , (2.14)
where the two ± signs are independent, parameters E and L are separation con-
stants corresponding to the Killing vectors ∂t and ∂φ, κ0 is the normalization of the
momentum. As explained in the next section, a rank-2 irreducible Killing tensor ex-
ists in the Kerr spacetime. The parameter κ is interpreted as a separation constant
associated with the Killing tensor (2.35), which always appears when variables are
separated.
Similarly, separation of variables occurs in the massive scalar field equation (the
massive Klein-Gordon equation),
Φ−m2Φ = 0 . (2.15)
Making use of the expression Φ =
1√−g∂a(
√−ggab∂bΦ), we find that it allows
multiplicative separation
Φ = e−iωt+inφR(r)Θ(θ) . (2.16)
The ordinary differential equations for the functions R(r) and Θ(θ) are
1
R
d
dr
(
△dR
dr
)
+
U2r
△ −m
2r2 − κ = 0 , (2.17)
1
Θ
1
sin θ
d
dθ
(
sin θ
dΘ
dθ
)
− U
2
θ
sin2 θ
−m2a2 cos2 θ − κ = 0 , (2.18)
where the potential functions are given by
Ur = an− ω(r2 + a2) , Uθ = n− aω sin2 θ . (2.19)
As was expected, κ has appeared as a separation constant associated with the Killing
tensor.
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It has been shown that not only scalar field equations can be solved by separation
of variables. In 1972, Teukolsky9) decoupled equations for electromagnetic field
and gravitational perturbation, and separated variables in their resulting master
equations. A year later, it was shown that separation of variables occurs in massless
neutrino equation by Teukolsky10) and Unruh.11) In 1976, it was demonstrated by
Chandrasekhar12) and Page13) that the massive Dirac equation is separable. Let us
close this section by seeing separation of variables in the massive Dirac equation
(γa∇a +m)Ψ = 0 , (2.20)
which reads [
γa
(
ea +
1
4
γbγcωbc(ea)
)
+m
]
Ψ = 0 . (2.21)
By using the inverse basis (2.5) and the connection 1-forms (2.7), this equation takes
the explicit form,[
γ0√
Σ△
(
(r2 + a2)∂t + a ∂φ
)
+ γ1
(
E +
A
2
+
√
△
Σ
∂r
)
− γ
2
√
Σ sin θ
(a sin2 θ∂t + ∂φ)
+ γ3
(
D − F
2
+
1√
Σ
∂θ
)
+ γ012
B
2
+ γ023
C
2
+m
]
Ψ = 0 . (2.22)
We further use the following representation of gamma matrices {γa, γb} = 2δab:
γ0 =
(
0 −I
I 0
)
, γ1 =
(
0 I
I 0
)
,
γ2 =
(
σ2 0
0 −σ2
)
, γ3 =
(
σ1 0
0 −σ1
)
, (2.23)
where I is the 2 × 2 identity matrix and σi are Pauli’s matrices. Separation of the
Dirac equation can be achieved with the ansatz
Ψ = e−iωt+inφ


(r + ia cos θ)−1/2R+Θ+
(r − ia cos θ)−1/2R+Θ−
(r − ia cos θ)−1/2R−Θ+
(r + ia cos θ)−1/2R−Θ−

 (2.24)
with functions R± = R±(r) and Θ± = Θ±(θ). Inserting this ansatz in (2.22), we
obtain eight equations with four separation constants. The consistency of these equa-
tions implies that only one of the separation constant is independent, we denote it by
κ. In the end, we obtain the following four coupled first order ordinary differential
equations for R± and Θ±:
dR±
dr
+R±
∂r△± 4iUr
△ +R∓
mr ∓ κ√△ = 0 , (2
.25)
dΘ±
dθ
+Θ±
cos θ ± 2Uθ
2 sin θ
+Θ∓(±ima cos θ − κ) = 0 , (2.26)
where Ur and Uθ are given by (2.19).
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2.1.2. Hidden symmetries of the Kerr spacetime
We have seen that separation of variables occurs in the various field equations of
the Kerr spacetime. Meanwhile there were some progress on the hidden symmetries
of the Kerr spacetime. In 1970, in the transparent fashion rather than Carter, it
was proved that in the Kerr spacetime the Hamilton-Jacobi equation can be inte-
grated. Walker and Penrose14) pointed out that the Kerr spacetime admits a rank-2
irreducible Killing tensor37) obeying
Kab = K(ab) , ∇(cKab) = 0 , (2.27)
which shows that Carter’s constant is a quadrature with respect to the momentum
of a particle. A Killing tensor is connected with not only integral of geodesic motion
but separability of the Hamilton-Jacobi equation for geodesics. The relationship to
the separability was investigated by Benenti and Francaviglia.38), 39)
In 1973, Floyd15) pointed out that the Killing tensor of the Kerr spacetime can
be obtained in the form
Kab = facfb
c , (2.28)
where f is a Killing-Yano tensor18), 19) obeying
fab = f[ab] , ∇(cfa)b = 0 . (2.29)
A Killing-Yano tensor is in many aspects more fundamental than a Killing tensor.
Especially, having a Killing-Yano tensor one can always construct the corresponding
Killing tensor using Eq. (2.28). On the other hand, not every Killing tensor can
be decomposed in terms of a Killing-Yano tensor.40), 41) Penrose16) proved that the
existence of such a tensor occurs only for the Kerr spacetime. Moreover, Hughston
and Sommers17) demonstrated that the Killing-Yano tensor generates two commuting
Killing vectors corresponding isometries the Kerr spacetime originally has as follows:
ξa ≡ 1
3
∇b(∗f)ba , ηa ≡ Kabξb . (2.30)
In this way, for the Kerr spacetime all the symmetries necessary for complete inte-
grability of the Hamilton-Jacobi equation for geodesics can be generated by a single
Killing-Yano tensor.
Let us see the explicit form of hidden symmetries of the Kerr spacetime. In
1987, Carter42) pointed out that the every rank-2 Killing-Yano tensors are obtained
from a 1-form potential b,
f = ∗db . (2.31)
Obviously, the Hodge dual h = ∗f follows
dh = 0 . (2.32)
This 2-form h is called a closed conformal Killing-Yano (CKY) tensor. For the
metric (2.1), the 1-form potential b is given as
b = −1
2
(r2 + a2 sin2 θ)dt+
1
2
a sin2 θ(r2 + a2)dφ , (2.33)
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which produces both KY tensor f and the closed CKY tensor h in the form
f = a cos θ e0 ∧ e1 + r e2 ∧ e3 , h = r e0 ∧ e1 + a cos θ e2 ∧ e3 , (2.34)
where {eµ} is the orthonormal basis given by Eq. (2.3). Using Eq. (2.28), we find
the rank-2 irreducible Killing tensor is written as
K = a2 cos2 θ(e0e0 − e1e1) + r2(e2e2 + e3e3) . (2.35)
Since two Killing vectors are
∂t =
√△√
Σ
e0 +
a sin θ√
Σ
e2 , (2.36)
∂φ = −a sin2 θ
√△√
Σ
e0 − (r
2 + a2) sin θ√
Σ
e2 , (2.37)
under a coordinate transformation
τ = t− aφ , σ = φ
a
, (2.38)
we obtain new Killing vectors ∂τ = ∂t and ∂σ = −a2∂t − a∂φ, i.e,
∂σ = −a2 cos2 θ
√△√
Σ
e0 +
r2a sin θ√
Σ
e2 , (2.39)
which enable us to identify them as ξ = ∂τ and η = ∂σ in Eq. (2.30). In addition
to Eq. (2.38), the coordinate transformation
p = a cos θ , (2.40)
transforms the form of the metric (2.1) into a very simple algebraic form,
ds2 =
r2 + p2
P
dp2 +
P
r2 + p2
(dτ − r2dσ)2
+
r2 + p2
Q
dr2 − Q
r2 + p2
(dτ + p2dσ)2 , (2.41)
where
Q = r2 − 2Mr + a2 , P = −p2 + a2 . (2.42)
This form of the Kerr metric was first used by Carter7) and later by Plebanski.43) The
“off-shell” metric with Q and P replaced by arbitrary functions Q(r) and P (p) itself
is of type D. Higher-dimensional spacetimes with Killing-Yano symmetry naturally
generalize this form of the metric.
It is known that the Kerr spacetime is of special algebraic type D of Petrov’s
classification.44) All the vacuum type D solutions were derived in 1969 by Kinners-
ley.45) The important family of type D spacetimes, including the black-hole metric
like the Kerr metric, the metric describing the accelerating sources as the C-metric,
or the non-expanding Kundt’s class type D solutions, can be represented by the
general seven-parameter metric discovered by Plebanski and Demianski.46)
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2.2. Underlying Structures
2.2.1. Separability theory of Hamilton-Jacobi equations
For a D-dimensional manifold (M,g), a local coordinate system qM is called a
separable coordinate system if a Hamilton-Jacobi equation in these coordinates
H(qM , pM ) = κ0 , pM =
∂S
∂qM
, (2.43)
where κ0 is a constant, is integrable by (additive) separation of variables, i.e.,
S = S1(q
1, c) + S2(q
2, c) + · · ·+ SD(qD, c) , (2.44)
where SM (q
M , c) depends only on the corresponding coordinate qM and includes
D constants c = (c1, · · · , cD). Separability structures of Hamilton-Jacobi equa-
tions have been studied38), 39), 47), 48) since 1904, when Levi-Civita demonstrated that
Hamilton-Jacobi equations are (additively) separable in the coordinates qM if and
only if
∂M∂NH ∂MH ∂NH + ∂M∂NH ∂MH ∂NH
− ∂M∂NH ∂MH ∂NH − ∂M∂NH ∂MH ∂NH = 0 , (M 6= N, no sum) (2.45)
where ∂M = ∂/∂q
M , ∂M = ∂/∂pM . According to Benenti and Francavigrila,
39) for
each separability structure a family of separable coordinates exists such that each
coordinate system in this family admits a maximal number r of ignorable coordinates
where 0 ≤ r ≤ D. Each system in this family is called a normal separable coordinate
system and the corresponding separability structure is fully characterized by such
a family. Given normal coordinates qM = (xµ, ψj) (M = 1, · · · ,D), Greek indices
µ, ν, · · · ranging from 1 to D − r correspond to non-ignorable coordinates xµ and
Latin indices j, k, · · · ranging from 1 to r correspond to ignorable ones ψj , i.e.,
∂j g
MN = 0 . (2.46)
Without loss of generality it is possible to prove that we write the metric in the form(
∂
∂s
)2
=
D−r∑
µ=1
gµµ
(
∂
∂xµ
)2
+
r∑
j,k=1
gjk
∂
∂ψj
∂
∂ψk
. (2.47)
When we focus especially on the geodesic Hamiltonian
H = gMNpMpN , (2.48)
by applying this to (2.45) together with (2.47), we obtain the differential equations
for gµµ and gjk. The general solutions of these equations are given by Sta¨ckel matrix
φ and ζ-matrices ζ(µ), which give the following form of the metric:
gµµ = φ¯µ(m) , g
µM = 0 (a 6= µ) ,
gjk =
m∑
µ=1
ζjk(µ)φ¯
µ
(m) , (2.49)
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where m = D − r, φ¯µ(m) (µ = 1, · · · ,m) is the m-th row of the inverse of a Sta¨ckel
matrix φ, i.e., φ¯µ(ρ)φ
(ρ)
ν = δµν , and ζ
jk
(µ) is the (j, k)-element of a ζ-matrix ζ(µ).
Sta¨ckel matrix is an m ×m matrix such that each element φ(µ)ν depends only on
xν , while ζ-matrix ζ(µ) is a r × r matrix such that all the elements are functions
depending only on xµ. Additionally, it is shown that D − r rank-2 Killing tensors
obeying (2.27) exist such that their contravariant components can be written in the
form
Kµµ(ν) = φ¯
µ
(ν) , K
µM
(ν) = 0 (M 6= µ) ,
Kjk(ν) =
m∑
µ=1
ζjk(µ)φ¯
µ
(ν) , (2.50)
where the metric is included as m-th Killing tensor, i.e., K(m) = g.
In order to understand the mechanism of separability, there is a geometrical
characterization of separability structure described by Benenti. This characteriza-
tion is stated as the following theorem:39)
Theorem 2.1 A D-dimensional manifold (M,g) admits a separability structure if
and only if the following conditions hold:
1. There exist r independent commuting Killing vectors X(j)
[X(j),X(k)] = 0 , (2.51)
2. There exist D − r independent Killing tensors K(µ), which satisfy the relations
[K(µ),K(ν)] = 0 , [X(j),K(µ)] = 0 , (2.52)
3. The Killing tensors K(µ) have in common D − r eigenvectors X(µ) such that
[X(µ),X(ν)] = 0 , [X(µ),X(j)] = 0 , g(X(µ),X(j)) = 0 , (2.53)
where through this theorem, the precise meaning of independence and commutators
is that the r linear first integrals associated with the Killing vectors X(j) and the
D− r quadratic first integrals associated with the Killing tensors K(µ) are function-
ally independent and commute with respect to Poisson brackets, respectively. These
commutators are called Schouten-Nijenhuis brackets.49)
We know that for the Kerr metric, the Hamilton-Jacobi equation for geodesics
gives rise to separation of variables. As is expected, the Kerr spacetime possesses
the separability structure of r = 2. Actually, we can easily see that the Killing
vectors (2.36), (2.37) and the Killing tensor (2.35) satisfy the conditions in theorem
2.1. All the constants appearing when the Hamilton-Jacobi equation is separated
are associated with these symmetries. We would like to emphasize that in the Kerr
spacetime, a single rank-2 Killing-Yano tensor generates these symmetries and fully
characterizes the separability structure of the Kerr spacetime.50)–54)
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2.2.2. Symmetry operators
It is very powerful to consider symmetry operators, which help us to under-
stand a geometrical meaning of separation constants for Klein-Gordon and Dirac
equations. Originally, a symmetry operator is a differential operator introduced as
a symmetry of differential equations. For a differential operator O1, a differential
operator O2 is called a symmetry operator for O1 if they commute, i.e., [O1,O2] = 0.
The existence of such operators implies counterparts of separation constants in a
differential equation.
Regarding Klein-Gordon equations, Carter55) pointed out first that given an
isometry ξ and/or Killing tensor K one can construct the operator
ξˆ ≡ ξa∇a , Kˆ ≡ ∇aKab∇b , (2.54)
which gives the commutator with the scalar laplacian  ≡ ∇agab∇b as
[, ξˆ] = 0 , [, Kˆ] =
4
3
∇a(Kc[aRb]c)∇b . (2.55)
It was demonstrated later by Carter and McLenaghan56) that the second equation
automatically vanishes whenever the Killing tensor is a square of a Killing–Yano
tensor of arbitrary rank. Since the Killing tensor in the Kerr spacetime is generated
by the Killing-Yano tensor, the symmetry operator constructed from the Killing
tensor commutes with the laplacian. Then, for the Kerr spacetime there exist three
symmetry operators for the laplacian, in which two of them are associated with two
isometries. Moreover, it is shown that these operators commute between themselves
in the Kerr spacetime. The existence of such operators implies separation of vari-
ables in the Klein-Gordon equation. Carter and McLenaghan further found that an
operator
fˆ ≡ iγ5γa
(
fa
b∇b − 1
6
γbγc∇cfab
)
(2.56)
commutes the Dirac operator γa∇a whenever f is a Killing–Yano tensor. Similarly,
symmetry operators for other equations with spin, including electromagnetic and
gravitational perturbations were discussed.57)–60)
§3. Symmetry of Higher-Dimensional Spacetime
Higher-dimensional solutions describing rotating black holes attract attention
in the recent developments of supergravity and superstring theories. Here, we focus
especially on higher-dimensional rotating black hole spacetimes which are generaliza-
tions of the Kerr geometry. In the four-dimensional Kerr spacetime, we saw that all
the symmetries necessary for separability of the geodesic, Klein-Gordon and Dirac
equations, are described by the Killing-Yano (KY) tensor, or equivalently by the
closed conformal Killing-Yano (CKY) tensor. On the other hand, one would find
that in higher dimensions, a closed CKY tensor more crucially works than a KY
tensor. The purpose of this section is to introduce a notion of a CKY tensor on
higher-dimensional spacetimes and to clarify its relationship to the integrability of
geodesic equations.
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vectors Killing vector conformal Killing vector
symmetric tensors Killing tensor conformal Killing tensor
anti-symmetric tensors Killing-Yano (KY) tensor conformal Killing-Yano (CKY) tensor
Table I. The generalizations of Killing and conformal Killing vectors
3.1. Killing tensor and conformal Killing-Yano tensor
3.1.1. Killing and conformal Killing vector
The geodesic motion of a particle is described by the geodesic equation
pb∇bpa = 0 , (3.1)
where p represents a tangent to the geodesicD Since it is difficult in general to
solve this equation, we ordinarily study the constants of motion and simplify the
discussion. For a vector k, we consider a inner product kap
a which is the simplest
invariant constructed from k and p. If this quantity is a constant along the geodesic,
then the equation
pb∇b(kapa) = 0 (3.2)
must be satisfied. Since the left hand side of (3.2) is calculated as kap
b∇bpa +
papb∇(bka) and then the first term vanishes by the geodesic equation, a vector k
must obey the equation
∇(akb) = 0 . (3.3)
This vector field is called a Killing vector.
In above discussionC we defined Killing vector from the view point of constants
of motion along geodesics where Eq. (3.2) is essence of the discussion. Now we shall
consider a null geodesic. Since we have gabp
apb = 0, we may add the term which is
proportional to the metric into the right hand side of (3.2). Thus ∇(akb) ∝ gab is
condition that the inner product kap
a is constant along the null geodesic. This is a
definition of conformal Killing vector k: if there exists a function q such that
∇(akb) = qgab , (3.4)
then k is called a conformal Killing vector, and the inner product kap
a becomes
constant along geodesic.
There are two generalizations of Killing vectors to higher-rank tensors. One is
generalization to symmetric tensors and another is to anti-symmetric tensors. These
tensors are called Killing tensors and Killing-Yano tensors, respectively. There are
similar ways to generalize the conformal Killing vector and they are called conformal
Killing tensors and conformal Killing-Yano tensors.
3.1.2. Killing tensor
We consider Killing tensors which are symmetric generalizations of the Killing
vector. As previous arguments, we define Killing tensors from the view point of con-
stants of motion along geodesic. For a rank-p symmetric tensor, i.e., K(a1...ap) =
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Ka1...ap , the condition that a quantity Ka1...app
a1 · · · pap is a constant along the
geodesic requires
pb∇b(Ka1...appa1 · · · pap) = 0 , (3.5)
where p is a tangent to the geodesic. By using the geodesic equation, since the
left hand side becomes pa1 · · · pappb∇(bKa1...ap), the equation ∇(bKa1...ap) = 0 is the
condition that is necessary to satisfy the equation (3.5). A rank-p Killing-tensor K
is a symmetric tensor obeying the equation
∇(bKa1...ap) = 0 . (3.6)
IfK is a Killing tensor and p is a geodesic tangent, then the quantityKa1...app
a1 · · · pap
is a constant along the geodesic.
As conformal Killing vectors, in null geodesic case, we can add the quantity which
is proportional to gabp
apb into the right-hand side of (3.5). Noting a symmetry of
the indices, we have
pbpa1 · · · pap∇(bKa1...ap) = pbpa1 · · · papg(ba1Qa2...ap) . (3.7)
If there exists a rank-(p− 1) tensor Qa2...ap such that
∇(bKa1...ap) = g(ba1Qa2...ap) , (3.8)
then K is called a rank-p conformal Killing tensor.
3.1.3. Conformal Killing-Yano tensor
A rank-p conformal Killing-Yano (CKY) tensor∗), as a generalization of a con-
formal Killing vector, was introduced by Tachibana22) for the case of rank-2 and
Kashiwada21) for arbitrary rank. This is an anti-symmetric tensor h obeying
∇(ahb)c1...cn−1 = gabξc1...cn−1 +
n−1∑
i=1
(−1)igci(aξb)c1...cˆi...cn−1 . (3.9)
By tracing both sides one obtains the expression
ξc1···cp−1 =
1
D − p+ 1∇
ahac1···cp−1 . (3.10)
If a CKY tensor satisfies the condition ξ = 0, it reduces to a Killing-Yano tensor.
Since the right-hand side of (3.9) vanishes, the Killing-Yano tensor is defined as
follows: an anti-symmetric tensor f satisfying
∇(bfa1)a2...ap = 0 , (3.11)
is called a rank-p Killing-Yano (KY) tensor.
∗) Yano19) discussed an anti-symmetric tensor h obeying ∇(ahb)c1···cp−1 = gabξc1···cp−1 as a
candidate of a CKY tensor. Unfortunately, this tensor represents a Killing-Yano tensor because it
is proved that ξ vanishes identically.
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Proposition 3.1 Let h be a rank-p CKY tensor. Then, a rank-2 symmetric tensor
K defined by
Kab = hac1...cp−1hb
c1...cp−1 (3.12)
is a conformal Killing tensor. In particular, K is a rank-2 Killing tensor if h is a
KY tensor.
We shall identify an anti-symmetric tensor h with the p-form
h =
1
p!
ha1a2···apdx
a1 ∧ · · · ∧ dxap . (3.13)
Then, the rank-p CKY tensor obeys the equation61)
∇Xh = 1
p+ 1
X−| dh− 1
D − p+ 1X
∗ ∧ δh (3.14)
for all vector fields X. Here X∗ = Xadx
a denotes the 1-form dual to X = Xa∂a
and δ the adjoint of the exterior derivative d. The symbol −| is an inner product. A
CKY tensor h obeying dh = 0 is called a closed CKY tensor. Also, a CKY tensor
f obeying δf = 0 is a Killing-Yano (KY) tensor. One can show the following basic
properties:24)
Proposition 3.2 The Hodge dual ∗h of a CKY tensor h is also a CKY tensor. In
particular, the Hodge dual of a closed CKY tensor is a KY tensor and vice versa.
Proposition 3.3 Let h1 and h2 be two closed CKY tensors. Then their wedge
product h3 = h1 ∧ h2 is also a closed CKY tensor.
3.2. Geodesic integrability
Frolov, Krtousˇ, Kubiznˇa´k, Page and Vasudevan23)–25) have shown a simple pro-
cedure to construct a family of rank-2 Killing tensors. They considered a special
class of D-dimensional spacetimes endowed with a rank-2 closed CKY tensor h. By
the condition dh = 0, the CKY tensor obeys the equations
∇Xh = − 1
D − 1X
∗ ∧ δh (3.15)
In the tensor notation the equation above reads
∇ahbc = ξcgab − ξbgac , ξa = 1
D − 1∇
bhba. (3.16)
They defined a 2j-form h(j) as
h(j) = h ∧ h ∧ · · · ∧ h︸ ︷︷ ︸
j
=
1
(2j)!
h
(j)
a1···a2jdx
a1 ∧ · · · ∧ dxa2j , (3.17)
where the wedge products are taken j − 1 times such as h(0) = 1, h(1) = h, h(2) =
h ∧ h, · · · . If we put the dimension D = 2n + ε, where ε = 0 for even dimensions
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and ε = 1 for odd dimensions, h(j) are non-trivial only for j = 0, · · · , n− 1 + ε, i.e.,
h(j) = 0 for j > n− 1 + ε. The components are written as
h
(j)
a1···a2j =
(2j)!
2j
h[a1a2ha3a4 · · · ha2j−1a2j ] . (3.18)
Since the wedge product of two closed CKY tensors is again a closed CKY tensor
by proposition 3.3, h(j) are closed CKY tensors for all j. The proposition 3.2 shows
that the Hodge dual of the closed CKY tensors h(j) gives rise to the Killing-Yano
tensors f (j) = ∗h(j). Explicitly, one has
f (j) = ∗h(j) = 1
(D − 2j)!f
(j)
a1···aD−2jdx
a1 ∧ · · · ∧ dxaD−2j , (3.19)
where
f
(j)
a1···aD−2j =
1
(2j)!
ǫb1···b2j a1···aD−2jh
(j)
b1···b2j
. (3.20)
For odd dimensions, since h(n) is a rank-2n closed CKY tensor, f (n) is a Killing
vector. Given these KY tensors f (j) (j = 0, . . . , n− 1), one can construct the rank-2
Killing tensors
K
(j)
ab =
1
(D − 2j − 1)!(j!)2 f
(j)
ac1···cD−2j−1f
(j)c1···cD−2j−1
b , (3
.21)
obeying the equation ∇(aK(j)bc) = 0, and
Proposition 3.4 Killing tensors K(i) are mutually commuting:23),24),62)
[K(i),K(j)] = 0 . (3.22)
The bracket above represents the Schouten-Nijenhuis bracket. Hence, equivalently,
the equation (3.22) can be written as
K
(i)
d(a∇dK
(j)
bc) −K
(j)
d(a∇dK
(i)
bc) = 0 . (3
.23)
Furthermore, a family of Killing vectors was obtained from the rank-2 closed
CKY tensor h.62) We first note the following two properties :
(a) £ξ g = 0 , (b) £ξ h = 0 , (3.24)
where ξ is the associated vector of h defined by (3.16). Actually, as we will see in
section 5.1, the conditions ( a ) and ( b ) follow from the existence of the closed CKY
tensor. From ( a ) we have £ξ ∗ h(j) = ∗£ξ h(j) and hence ( b ) yields
£ξh
(j) = 0, £ξf
(j) = 0, £ξK
(j) = 0. (3.25)
We also immediately obtain from (3.16)
∇ξh(j) = 0, ∇ξf (j) = 0, ∇ξK(j) = 0. (3.26)
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Let us define the vector fields η(j) (j = 0, · · · , n− 1) ,
η(j)a = K
(j)
a
bξb. (3.27)
and η(n) ≡ ∗f (n) for ε = 1. Then we have
∇(aη(j)b) =
1
2
£ξK
(j)
ab −∇ξK(j)ab , (3.28)
which vanishes by (3.25) and (3.26), i.e. η(j) (j = 0, · · · , n − 1 + ε) are Killing
vectors∗∗).
Proposition 3.5 Killing vectors η(i) and Killing tensors K(j) are mutually com-
muting,62)
[η(i),K(j)] = 0 , [η(i),η(j)] = 0 . (3.30)
In general, K(i) (i = 0, · · · , n − 1) and η(j) (j = 0, · · · , n − 1 + ε) are not
independent. In section 5.2, we will see that on a (2n + ε)-dimensional spacetime
with a rank-2 closed CKY tensor h there is a pair of integers (ℓ, ℓ+δ) with 0 ≤ ℓ ≤ n
and δ = 0, 1 such that both K(i) (i = 0, · · · , ℓ−1) and η(j) (j = 0, · · · , ℓ−1+δ) are
independent. We call (ℓ, ℓ+ δ) the order of h, and a rank-2 closed CKY tensor with
the maximal order (n, n+ε) a principal conformal Killing-Yano (PCKY) tensor.24), 63)
Propositions 3.4 and 3.5 mean that the geodesic equations on spacetimes admitting
a PCKY tensor are completely integrable in the Liouville sense.
§4. Higher-Dimensional Kerr Geometry
The Kerr-NUT-(A)dS spacetimes describe the most general rotating black holes
with spherical horizon. We review these spacetimes from the view point of symme-
try, and also present the explicit separation of variables in Hamilton-Jacobi, Klein-
Gordon and Dirac equations.
4.1. Kerr-NUT-(A)dS spacetimes
We start with a class of D-dimensional metrics found by Chen, Lu¨ and Pope.5)
The metrics are written in the local coordinates qM = (xµ, ψk) where the latter
coordinates ψk represent the isometries of spacetime. They are explicitly given as
follows:
(a) D = 2n
g =
n∑
µ=1
Uµ
Xµ
dx2µ +
n∑
µ=1
Xµ
Uµ
(
n−1∑
k=0
A(k)µ dψk
)2
, (4.1)
∗∗) These Killing vectors η(j) can be also written as η(j) = −δω(j) by the Killing co-potential64)
ω
(j)
ab =
1
n− 2j − 1
K
(j)
c[ah
c
b] (j = 0, · · · , n− 1) . (3.29)
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(b) D = 2n+ 1
g =
n∑
µ=1
Uµ
Xµ
dx2µ +
n∑
µ=1
Xµ
Uµ
(
n−1∑
k=0
A(k)µ dψk
)2
+
c
A(n)
(
n∑
k=0
A(k)dψk
)2
. (4.2)
The metric functions are defined by
Uµ =
n∏
ν=1
(ν 6=µ)
(x2µ − x2ν) , A(k) =
∑
1≤ν1<ν2<···<νk≤n
x2ν1x
2
ν2 · · · x2νk ,
A(k)µ =
∑
1≤ν1<ν2<···<νk≤n
(νi 6=µ)
x2ν1x
2
ν2 · · · x2νk , (4.3)
with a constant c and Xµ is an arbitrary function depending only on xµ. It is worth
remarking that A(k) and A
(k)
µ are the elementary symmetric functions of x2ν ’s defined
via the generating functions
n∏
ν=1
(t− x2ν) = tn −A(1)tn−1 + · · · + (−1)nA(n),∏
ν 6=µ
(t− x2ν) = tn−1 −A(1)µ tn−2 + · · ·+ (−1)n−1A(n−1)µ . (4.4)
To treat both cases of even and odd dimensions simultaneously we denote
D = 2n+ ε, (4.5)
where ε = 0 and ε = 1 for even and odd number of dimensions, respectively. We
shall use the following orthonormal basis for the metric
g =
n∑
µ=1
(eµeµ + eµˆeµˆ) + εe0e0 , (4.6)
where
eµ =
√
Uµ
Xµ
dxµ, e
µˆ =
√
Xµ
Uµ
(
n−1∑
k=0
A(k)µ dψk
)
. (4.7)
In odd-dimensional case we add a 1-form
e0 =
√
c
A(n)
(
n∑
k=0
A(k)dψk
)
. (4.8)
The metric admits a rank-2 closed CKY tensor65), 66)
h =
1
2
n−1∑
k=0
dA(k+1) ∧ dψk =
n∑
µ=1
xµ e
µ ∧ eµˆ. (4.9)
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According to section 3.2 the associated Killing tensors K(j)(j = 0, · · · , n − 1) and
Killing vectors η(j)(j = 0, · · · , n− 1 + ε) are calculated as
K(j) =
n∑
µ=1
A(j)µ (e
µeµ + eµˆeµˆ) + εA(j) e0e0 , η(j) =
∂
∂ψj
. (4.10)
These quantities are clearly independent and hence the CKY tensor h has the max-
imal order (n, n + ε), i.e., h is a PCKY tensor. Thus, the geodesic equations are
completely integrable.
The spacetime has locally two orthogonal foliations {Wn+ε} and {Zn},39) where
each integral submanifold Wn+ε is flat in the induced metric and each Zn is a to-
tally geodesic submanifold. The foliation {Wn+ε} is actually that of the integral
submanifolds associated with the involutive distribution {η(j) = ∂/∂ψj}, while the
foliation {Zn} is the complementary foliation associated with the involutive distri-
bution {vµ = ∂/∂xµ}, where vµ are in common n eigenvectors of the Killing tensors,
K(j) · vµ = A(j)µ vµ. The foliations associated with complex structure were also
discussed by Mason and Taghavi-Chabert.67)
The metrics (4.1) and (4.2) satisfy the Einstein equations
Rab = Λgab (4.11)
if and only if the metric functions Xµ take the form:
68)
Xµ =
n∑
k=0
c2kx
2k
µ + bµx
1−ε
µ + ε
(−1)nc
x2µ
, (4.12)
where c, c2k and bµ are free parameters and Λ = −(D − 1)c2n. The Einstein metric
given by (4.12) describes the most general known higher-dimensional rotating black
hole solution with NUT parameters in an asymptotically (A)dS spacetime, i.e., Kerr-
NUT-(A)dS metric∗). Then, the parameters c, c2k and bµ are related to rotation
parameters, mass, and NUT parameters. The higher-dimensional vacuum rotating
black hole solutions discovered by Myers and Perry1) and by Gibbons, Lu¨, Page,
and Pope3), 4) are recovered when the some parameters vanish (see Table II). The
existence of the PCKY tensor is irrelevant whether the metrics satisfy the Einstein
equations, so that it is possible to consider the separation of variables in a broad
class of metrics where Xµ’s are arbitrary functions of one variable xµ. In addition,
it was shown that this class is of the algebraic type D of the higher-dimensional
classification.67), 68), 70)–73)
The Kerr-NUT-(A)dS spacetimes possess a PCKY tensor (4.9), which generalizes
four-dimensional Kerr geometry to higher dimensions; the separation of Hamilton-
Jacobi, Klein-Gordon and Dirac equations. It is interesting to ask whether separa-
tions of other field euations are generalized. While it is known that in four dimen-
sions there is a link between separation of Maxwell equations and the existence of
∗) In this paper we concentrate only on the class of rotating black holes with spherical horizon
topology. It is known that in higher-dimensions there exist different type of rotating black objects
such as black rings and their generalizations.69) These black objects do not belong to the class of
the Kerr-NUT-(A)dS metrics.
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@ mass rotation NUT Λ parameter
Myers-Perry (1986) © © × 0 1+[(D-1)/2]
Gibbons-Lu¨-Page-Pope (2004) © © × non-zero 2+[(D-1)/2]
Chen-Lu¨-Pope (2006) © © © non-zero D
Table II. D-dimensional rotating black hole solutions with spherical horizon topology
a Killing-Yano tensor, such a link has never been shown and even separation of the
equations is not known.
4.2. Separation of variables
4.2.1. Separability of the Hamilton-Jacobi equation
It was shown74)–78) that in the Kerr-NUT-(A)dS spacetime the Hamilton-Jacobi
equation for geodesics,
∂S
∂λ
+ gMN∂MS ∂NS = 0 , (4.13)
allows an additive separation of variables
S = −κ0λ+
n∑
µ=1
Sµ(xµ) +
n−1+ε∑
k=0
nkψk , (4.14)
with functions Sµ(xµ) of a single argument xµ and constants κ0 and nk. Following
section 2.2.1, we shall review this separation briefly. For the separated solution
(4.14), the equation (4.13) reduces to the geodesic Hamilton–Jacobi equation
gMNpMpN = κ0 , pµ =
dSµ
dxµ
, pk = nk , (4.15)
which can be regarded as one of the differential equations
KMN(j) pMpN = κj . (4
.16)
From (4.10), we find that in the standard form (2.50) K(j) are written as
Kµµ(j) = φ¯
µ
(j) , K
µM
(j) = 0 , (M 6= µ)
Kkℓ(j) =
n∑
µ=1
ζkℓ(µ)φ¯
µ
(j) , (4.17)
where the Sta¨ckel matrix and ζ-matrices are given by
φ(j)µ =
(−1)jx2(n−j−1)µ
Xµ
, φ¯µ(j) =
A
(j)
µ Xµ
Uµ
, (4.18)
ζkℓ(µ) =
(−1)k+ℓx2(2n−k−ℓ−2)µ
X2µ
+
(−1)n+1
cx2µXµ
δnkδnℓ . (4.19)
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Now, the equation (4.16) takes the form
n∑
µ=1
φ¯µ(j)p
2
µ +
n∑
µ=1
n−1+ε∑
k,ℓ=0
ζkℓ(µ)φ¯
µ
(j)nknℓ = κj , (4
.20)
which can be solved with respect to the momenta pµ = dSµ/dxµ,(
dSµ
dxµ
)2
=
n∑
j=1
φ(j)µκj −
n−1−ε∑
k,ℓ=1
ζkℓ(µ)nknℓ . (4
.21)
Since both φ(j)µ and ζ
kℓ
(µ) depend on xµ only, the functions Sµ are given by
Sµ(xµ) =
∫ (n−1+ε∑
j=0
φ(j)µκj −
n−1+ε∑
k,ℓ=0
ζkℓ(µ)nknℓ
)1/2
dxµ . (4.22)
4.2.2. Separability of the Klein-Gordon equation
The behavior of a massive scalar field Φ is governed by the Klein–Gordon equa-
tion
Φ =
1√|g| ∂M (
√
|g|gMN∂NΦ) = µ2Φ. (4.23)
According to the paper78) one can demonstrate that this equation in the Kerr-NUT-
(A)dS background allows a multiplicative separation of variables
Φ =
n∏
µ=1
Rµ(xµ)
n−1+ε∏
k=0
einkψk . (4.24)
Using the expression
gµµ =
Xµ
Uµ
= φ¯µ(0) , g
kℓ =
n∑
µ=1
ζkℓ(µ)φ¯
µ
(0) (4.25)
we have the following explicit form
n∑
µ=1
1
Uµ
(
∂µXµ∂µΦ+
εXµ∂µΦ
xµ
+
n−1+ε∑
k,ℓ=0
ζkℓµ Xµ∂k∂ℓΦ− µ2x2(n−1)µ Φ
)
= 0. (4.26)
We further notice that
∂k Φ = ink Φ , ∂µ Φ =
R′µ
Rµ
Φ , ∂2µ Φ =
R′′µ
Rµ
Φ , (4.27)
and then the Klein–Gordon equation takes the form
n∑
µ=1
Gµ
Uµ
Φ = 0 , (4.28)
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where Gµ is a function of xµ only,
Gµ = Xµ
R′′µ
Rµ
+
R′µ
Rµ
(
X ′µ + ǫ
Xµ
xµ
)
−
n−1+ε∑
k,ℓ=0
ζkℓµ Xµnknℓ − µ2x2(n−1)µ . (4.29)
Here, the prime means the derivative of functions Rµ and Xµ with respect to their
single argument xµ. If we use the identity
n∑
µ=1
x2kµ
Uµ
= 0 (k = 0, 1, · · · , n− 2), (4.30)
then the general solution of (4.28) is given by
Gµ = −
n−1∑
j=1
(−1)jκjx2(n−1−j)µ (4.31)
with arbitrary constants κj .
Therefore, we have demonstrated that the Klein–Gordon equation (4.23) in the
background allows a multiplicative separation of variables (4.24), where functions
Rµ(xµ) satisfy the ordinary second order differential equations
R′′µ +
(X ′µ
Xµ
+
ε
xµ
)
R′µ +
(n−1∑
j=0
φ(j)µ κj −
n−1+ε∑
k,ℓ=0
ζkℓµ nknℓ
)
Rµ = 0, (4.32)
where we have used the Sta¨ckel matrix φ
(j)
µ (4.18) together with κ0 ≡ −µ2. It should
be noted that the last term exists in the solution (4.22) of the Hamilton-Jacobi
equation. This structure can be naturally explained by considering the semiclassical
solution of the Klein-Gordon equation.79)
4.2.3. Separability of the Dirac equation
Finally, we demonstrate separability of the Dirac equation.80) The dual vector
fields to Eq. (4.7) and/or Eq. (4.8) are given by
eµ =
√
Xµ
Uµ
∂
∂xµ
, eµˆ =
n−1+ε∑
k=0
(−1)kx2(n−1−k)µ√
XµUµ
∂
∂ψk
, e0 =
1√
cA(n)
∂
∂ψn
. (4.33)
The corresponding connection 1-form ωab is calculated as (5.12). Then, the Dirac
equation is written in the form(
γMDM +m
)
Ψ = 0 , DM = eM +
1
4
γNγPωNP (eM ) . (4.34)
Let us use the following representation of γ-matrices: {γa, γb} = 2δab,
γµ =σ3 ⊗ σ3 ⊗ · · · ⊗ σ3︸ ︷︷ ︸
µ−1
⊗σ1 ⊗ I ⊗ · · · ⊗ I,
γµˆ =σ3 ⊗ σ3 ⊗ · · · ⊗ σ3︸ ︷︷ ︸
µ−1
⊗σ2 ⊗ I ⊗ · · · ⊗ I,
γ0 =σ3 ⊗ σ3 ⊗ · · · ⊗ σ3 , (4.35)
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where I is the 2× 2 identity matrix and σi are the Pauli matrices. In this represen-
tation, we write the 2n components of the spinor field as Ψǫ1ǫ2··· ǫn (ǫµ = ±1), and it
follows that
(γµΨ)ǫ1ǫ2···ǫn =
(
µ−1∏
ν=1
ǫν
)
Ψǫ1···ǫµ−1(−ǫµ)ǫµ+1···ǫn ,
(γµˆΨ)ǫ1ǫ2···ǫn =− iǫµ
(
µ−1∏
ν=1
ǫν
)
Ψǫ1···ǫµ−1(−ǫµ)ǫµ+1···ǫn ,
(γ0Ψ)ǫ1ǫ2···ǫn =
( n∏
ρ=1
ǫρ
)
Ψǫ1···ǫn . (4.36)
We consider the separable solution
Ψ = Ψˆ(x) exp
(
i
n−1+ε∑
k=0
nkψk
)
, (4.37)
Using (4.36), we obtain the following explicit form
n∑
µ=1
√
Xµ
Uµ
( µ−1∏
ρ=1
ǫρ
)[ ∂
∂xµ
+
X ′µ
4Xµ
+
ε
2xµ
+
ǫµYµ
Xµ
+
1
2
∑
ν 6=µ
1
xµ − ǫµǫνxν
]
Ψˆǫ1...ǫµ−1(−ǫµ)ǫµ+1...ǫn
+
[
ε i
√
c
A(n)
( µ−1∏
ρ=1
ǫρ
)nn
c
−
n∑
µ=1
ǫµ
2xµ

 +m
]
Ψˆǫ1...ǫn = 0 , (4.38)
together with
Yµ =
n−1+ε∑
k=0
(−1)kx2(n−k−1)µ nk . (4.39)
Setting
Ψˆǫ1...ǫn(x) =
( ∏
1≤µ<ν≤n
1√
xµ + ǫµǫνxν
)(
n∏
µ=1
χ(µ)ǫµ (xµ)
)
, (4.40)
we have the equations following from (4.38):
n∑
µ=1
P
(µ)
ǫµ (xµ)∏n
ν=1
ν 6=µ
(ǫµxµ − ǫνxν) +
ε i
√
c∏n
ρ=1(ǫρxρ)
(nn
c
−
n∑
µ=1
ǫµ
2xµ
)
+m = 0 ,
P (µ)ǫµ = (−1)µ−1(ǫµ)n−µ
√
(−1)µ−1Xµ 1
χ
(µ)
ǫµ
( d
dxµ
+
X ′µ
4Xµ
+
ǫµYµ
Xµ
)
χ
(µ)
−ǫµ . (4
.41)
The functions P
(µ)
ǫµ depend on the variable xµ only. In order to satisfy (4.41) P
(µ)
ǫµ
must assume the form P
(µ)
ǫµ (xµ) = Q(ǫµxµ) :
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(a) in an even dimension (ε = 0)
Q(y) =
n−1∑
j=0
qjy
j , (4.42)
(b) in an odd dimension (ε = 1)
Q(y) =
q−2
y2
+
q−1
y
+
n−1∑
j=−2
qjy
j , (4.43)
where
qn−1 = −m, q−1 = i√
c
(−1)nnn , q−2 = i
2
(−1)n−1√c . (4.44)
In both cases parameters qj (j = 0, . . . , n − 2) are arbitrary. After all, we have
proved that the Dirac equation in the Kerr-NUT-(A)dS spacetime allows separation
of variables
Ψǫ1...ǫn =
∏
1≤µ<ν≤n
1√
xµ + ǫµǫνxν
(
n∏
µ=1
χ(µ)ǫµ (xµ)
)
exp
(
i
n−1+ε∑
k=0
nkψk
)
, (4.45)
where functions χ
(µ)
ǫµ satisfy the (coupled) ordinary first order differential equations(
d
dxµ
+
1
4
X
′
µ
Xµ
+
ǫµYµ
Xµ
)
χ
(µ)
−ǫµ +
(−1)µ(ǫµ)n−µQ(ǫµxµ)√
(−1)µ−1Xµ
χ(µ)ǫµ = 0 . (4
.46)
The demonstrated separation is justified by the existence of the rank-2 closed CKY
tensor. As in the four-dimensional case there exist symmetry operators which com-
mute with the Dirac operator.81)–84)
§5. Classification of Higher-Dimensional Spacetimes
In this section we present a classification of spacetimes admitting a rank-2 closed
CKY tensor. A key property of such spacetimes is that there is a family of commut-
ing Killing tensors and Killing vectors. In full generality, the classification is quite
complicated. We will discuss this problem in section 5.2. We first describe a special
class of spacetimes admitting a PCKY tensor. The Kerr-NUT-(A)dS spacetimes are
included in this class.
5.1. Uniqueness of Kerr-NUT-(A)dS spacetime
Theorem 5.1 Let (M,g) be a (2n+ε)-dimensional spacetime with a PCKY tensor.
Then, the metric g is locally written as (4.1) for even dimensions or (4.2) for odd
dimensions:
g =
n∑
µ=1
Uµ
Xµ
dx2µ +
n∑
µ=1
Xµ
Uµ
(
n−1∑
k=0
A(k)µ dψk
)2
+ ε
c
A(n)
(
n∑
k=0
A(k)dψk
)2
(5.1)
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with arbitrary functions Xµ of one variable xµ. In particular, the Kerr-NUT-(A)dS
spacetime is the only Einstein space admitting a PCKY tensor.
Theorem 5.1 was first proved28) by assuming that the vector field ξ = ξa∂a
defined by Eq. (3.16) satisfies the following conditions
£ξ g = 0 , £ξ h = 0 . (5.2)
Afterward it was shown that both these conditions hold from the existence of the
PCKY.29)
For simplicity, we sketch the proof restricted to even dimensions ε = 0. Recall
that a PCKY tensor h is a rank-2 closed CKY tensor of maximal order (n, n + ε).
The n eigenvalues of h, denoted by {xµ}µ=1,··· ,n, are functionally independent. Then,
one can introduce an orthonormal basis in which
g =
n∑
µ=1
(eµeµ + eµˆeµˆ) , h =
n∑
µ=1
xµ e
µ ∧ eµˆ . (5.3)
We refer to {eµ,eµˆ} as the canonical basis associated with a PCKY tensor. The basis
is fixed up to two-dimensional rotations in each of 2-planes eµ ∧ eµˆ. This freedom
allows us to choose the components of the vector field as {ξµ = 0, ξµˆ 6= 0}, i.e.,
ξ =
n∑
µ=1
√
Qµ eµˆ (5.4)
with the dual basis {eµ,eµˆ}. Here, Qµ (µ = 1, · · · , n) are arbitrary functions. It is
shown that the eigenvalues of h have orthogonal gradients:
eµ(xν) =
√
Qµδµν , eµˆ(xν) = 0 . (5.5)
The next step is to consider the integrability condition of the PCKY equations
∇ahbc = ξcgab − ξbgac. (5.6)
These equations are overdetermined. By differentiating and skew symmetrizing the
equations, we obtain
Rabd
fhfc −Rabcfhfd = gbc∇aξd − gac∇bξd − gbd∇aξc + gad∇bξc. (5.7)
We shall use the canonical basis. If we restrict the indices to c = µ and d = µˆ, then
the left-hand side of Eq. (5.7) identically vanishes by the property of the Riemann
curvature, Rabµµ = Rabµˆµˆ = 0. Hence, Eq. (5.7) reduces to
∗)
δbµ∇aξµˆ − δaµ∇bξµˆ − δbµˆ∇aξµ + δaµˆ∇bξµ = 0. (5.8)
∗) For simplicity, we have used the following notaions:
∇aξν = (eν)
b
∇aξb , ∇µξν = (eµ)
a(eν)
b
∇aξb , etc .
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The specialization of the indices yields:
∇µξν = ∇µξνˆ = ∇µˆξν = ∇µˆξνˆ = 0 , (µ 6= ν)
∇µξµ +∇µˆξµˆ = 0. (5.9)
Combining Eq. (5.6) and Eq. (5.9) with the following identity
£ξhab = ξ
c∇chab + hcb∇aξc + hac∇bξc, (5.10)
we obtain £ξh = 0.
Now let us consider the first structure equation
dea + ωab ∧ eb = 0 (5.11)
corresponding to the canonical basis. The following lemma is obtained:26)
Lemma 5.1 The connection 1-form ωab takes the form:
ωµν =− xν
√
Qν
x2µ − x2ν
eµ − xµ
√
Qµ
x2µ − x2ν
eν ,
ωµνˆ =
xµ
√
Qν
x2µ − x2ν
eµˆ − xµ
√
Qµ
x2µ − x2ν
eνˆ , (µ 6= ν)
ωµˆνˆ =− xµ
√
Qν
x2µ − x2ν
eµ − xν
√
Qµ
x2µ − x2ν
eν , (5.12)
and for µ = 1, 2, · · · , n(with no sum),
ωµµˆ =
∑
ρ6=µ
xµ
√
Qρ
x2µ − x2ρ
eρˆ − 1√
Qµ
∑
ρ6=µ
xµQρ
x2µ − x2ρ
eµˆ
+
1√
Qµ
n∑
ρ=1
(∇ρξµ eρ +∇ρˆξµ eρˆ). (5.13)
Using the connection ωab and Eq. (5.4) one can evaluate the covariant derivation
∇aξb. On the other hand we already know some components (5.9) from the integra-
bility of the PCKY equations. As a result we have several consistency conditions,
which are summarized as
∇µˆξµˆ = eµˆ(
√
Qµ), ∇µξµˆ = eµ(
√
Qµ)−
∑
ρ6=µ
xµQρ
x2µ − x2ρ
, (5.14)
and
eµˆ(
√
Qν) = 0, eµ(
√
Qν) +
xµ
√
Qµ
√
Qν
x2µ − x2ν
= 0 (5.15)
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for µ 6= ν. Further non-trivial conditions are obtained from the Jacobi identity,
[[ea,eb],ec]+(cyclic)= 0. The commutators [ea,eb] evaluated by the covariant deriva-
tion give rise to the following conditions:
∇µˆξµˆ = 0, ∇µξµˆ +∇µˆξµ = 0, (5.16)
Thus we have seen that the vector field ξ satisfies ∇(aξb) = 0 for all components. It
turns out that ξ is a Killing vector obeying the equation £ξg = 0.
∗∗)
As the final step, we introduce a new basis {vµ,η(j)} (µ = 1, · · · , n; j = 0, · · · , n−
1),
vµ =
eµ√
Qµ
, η(j) =
n∑
µ=1
A(j)µ
√
Qµeµˆ, (5.18)
where A
(j)
µ is again given by Eq. (4.3) and η(0) ≡ ξ. These vector fields vµ and η(j)
geometrically represent eigenvectors of Killing tensors and Killing vectors, respec-
tively. One can easily show that
[vµ,vν ] = 0, (5.19)
which implies that there are local coordinates xµ (µ = 1, · · · , n) such that vµ =
∂/∂xµ. Then the functions Qµ take the form
Qµ =
Xµ
Uµ
, Uµ =
n∏
ν=1
(ν 6=µ)
(x2µ − x2ν), (5.20)
where each Xµ is a function depending on xµ only. This can be obtained easily using
the differential equation (5.15) together with
eµˆ(
√
Qµ) = ∇µˆξµˆ = 0. (5.21)
Now, we can also prove the commutativity of the remaining vector fields η(j), which
is essentially the same as proposition 3.5 :
[vµ,η
(j)] = [η(i),η(j)] = 0. (5.22)
This introduces the local coordinates ψj (j = 0, · · · , n − 1) such that η(j) = ∂/∂ψj .
Finally, we have
∂
∂xµ
=
√
Uµ
Xµ
eµ ,
∂
∂ψj
=
n∑
µ=1
√
Xµ
Uµ
A(j)µ eµˆ, (5.23)
which reproduces the orthonormal basis (4.7) , and hence the required metric (5.1).
∗∗) This condition can be easily proved if the Einstein condition is imposed for the metric,
because it is shown from (5.7) that
∇(aξb) =
1
4(n− 1)
(h ca Rcb + h
c
b Rca). (5.17)
The Ricci tensor Rab is proportional to the metric in the Einstein spaces, so that we immediately
obtain ∇(aξb) = 0 from the equation above. This result was first demonstrated by Tachibana.
22)
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5.2. Generalized Kerr-NUT-(A)dS spacetime
Let (M,g) be a D-dimensional spacetime with a rank-2 closed CKY tensor
h. When h is a PCKY tensor, it has functionally independent n eigenvalues. For
the general h, it is important to know how many of the eigenvalues are functionally
independent. This information tells us the number of independent Killing tensors and
Killing vectors. To do so we introduce a rank-2 conformal Killing tensorKab = hachb
c
associated with h according to proposition 3.1. Since this tensor is symmetric,
Kab can be diagonalized at any point on M . Let x
2
µ (µ = 1, · · · , ℓ) and a2i (i =
1, · · · , N) be the non-constant eigenvalues and the non-zero constant eigenvalues of
Kab, respectively. Taking account of the multiplicity we write the eigenvalues as
{x21, · · · , x21︸ ︷︷ ︸
2n1
, · · · , x2ℓ , · · · , x2ℓ︸ ︷︷ ︸
2nn
, a21, · · · , a21︸ ︷︷ ︸
2m1
, · · · , a2N , · · · , a2N︸ ︷︷ ︸
2mN
, 0, . . . , 0︸ ︷︷ ︸
m0
}. (5.24)
The total number of the eigenvalues is equal to the spacetime dimension: D =
2(|n| + |m|) + m0. Here |n| =
∑ℓ
µ=1 nµ , |m| =
∑N
i=1mi and m0 represents the
number of zero eigenvalues.
Lemma 5.2 The multiplicity constant nµ of the non-constant eigenvalues x
2
µ is
equal to one.26)
Independent Killing tensors and Killing vectors are relevant to non-constant
eigenvalues x2µ. Indeed the general construction discussed in section 3.2 yields
that the Killing tensors K(j) (j = 0, · · · , ℓ − 1) and the Killing vectors η(j) (j =
0, · · · , ℓ − 1 + δ) are independent quantities, i.e. the order of the CKY tensor is
(ℓ, ℓ + δ) with δ = 0 for m0 > 1 and δ = 1 for m0 = 1. The construction of the
metric is rather parallel to that of the PCKY case except for consideration of con-
stant eigenvalues. Associated with the non-zero constant eigenvalues the spacetime
admits Ka¨hler submanifolds of the same dimensions as the multiplicity of them, and
the metric becomes the “Kaluza-Klein metric” on the bundle over the Ka¨hler man-
ifolds whose fibers are given by theorem 5.1. More precisely we prove the following
classification.26)
Theorem 5.2 Let (M,g) be a D-dimensional spacetime with a rank-2 closed CKY
tensor with order (ℓ, ℓ+ δ). Then the metric g takes the forms
g =
ℓ∑
µ=1
Uµ
Xµ
dx2µ +
ℓ∑
µ=1
Xµ
Uµ
(
ℓ−1∑
k=0
A(k)µ θk
)2
+
N∑
i=1
ℓ∏
µ=1
(x2µ − a2i )g(i) +A(ℓ) g(0) , (5.25)
where g(i) are Ka¨hler metrics on 2mi-dimensional Ka¨hler manifolds B
(i). The metric
g(0) is, in general, any metric on an m0-dimensional manifold B
(0) associated with
the zero eigenvalues, but if m0 = 1, g
(0) can take the special form:
g
(0)
special =
c
(A(ℓ))2
(
ℓ∑
k=0
A(k)θk
)2
(5.26)
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with a constant c. The functions Uµ, A
(k) and A
(k)
µ are defined by (4.3), and Xµ is
a function depending on xµ only. The 1-forms θk satisfy
dθk + 2
N∑
i=1
(−1)ℓ−ka2ℓ−2k−1i ω(i) = 0, (5.27)
where ω(i) represents the Ka¨hler form on B(i).
The spacetime M has the bundle structure: the base space is an (m0 + 2|m|)-
dimensional product space B(0)×B(i)× · · · ×B(N) of the general manifold B(0) and
the Ka¨hlar manifolds B(i) (i = 1, · · · , N), while the fiber spaces are 2ℓ-dimensional
spaces with the metric (5.1). The fiber metric in theorem 5.1 is twisted by the Ka¨hler
form ω(i); the 1-form dψk in (5.1) is replaced by the 1-form θk. The Ka¨hler form is
locally written as ω(i) = dβ(i), and so (5.27) is equivalent to
θk = dψk − 2
N∑
i=1
(−1)ℓ−ka2ℓ−2k−1i β(i). (5.28)
If we use the 1-form β(i), then the CKY tensor can be written in a manifestly closed
form:
h = d
(
1
2
ℓ−1∑
k=0
A(k)dψk +
N∑
i=1
ai
ℓ∏
µ=1
(x2µ − a2i )β(i)
)
. (5.29)
In order to see the eigenvalues (5.24) it is convenient to introduce the orthonormal
basis like (4.7) and
eα(i) =
√∏
µ
(x2µ − a2i ) e˜α(i) , eαˆ(i) =
√∏
µ
(x2µ − a2i )e˜αˆ(i) , (5.30)
where
g(i) =
mi∑
α=1
(
e˜α(i)e˜
α
(i) + e˜
αˆ
(i)e˜
αˆ
(i)
)
, ω(i) =
mi∑
α=1
e˜α(i) ∧ e˜αˆ(i). (5.31)
Then we have
h =
ℓ∑
µ=1
xµe
µ ∧ eµˆ +
N∑
i=1
mi∑
α=1
aie
α
(i) ∧ eαˆ(i), (5.32)
where the coefficients {xµ, ai} represent the eigenvalues.
The total metric g includes arbitrary functions Xµ = Xµ(xµ) of the single co-
ordinate xµ. These are fixed if we impose the Einstein equations for the metric,
Rab = Λgab.
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Theorem 5.3 The metric (5.25) is an Einstein metric if and only if the following
conditions hold:27)
(i) Xµ takes the form
Xµ =
1
(xµ)m0−1
∏N
i=1(x
2
µ − a2i )mi
(
dµ +
∫
X (xµ)xm0−2µ
N∏
i=1
(x2µ − a2i )mi dxµ
)
,
(5.33)
where
X (x) =
ℓ∑
i=0
αix
2i, αℓ = −Λ. (5.34)
For the special case (5.26) X (x) is replaced by
Xspecial(x) = α−1
x
+
ℓ∑
i=0
αix
2i (5.35)
with
α0 = (−1)ℓ−12c
N∑
j=1
mj
a2j
, α−1 = (−1)ℓ−12c. (5.36)
Here {αk}k=1,2,··· ,ℓ−1 and {dµ}µ=1,2,··· ,ℓ are free parameters. (In (5.34) α0 is
also a free parameter.)
(ii) g(i)(i = 1, · · · , N) are 2mi-dimensional Ka¨hler-Einstein metrics with the cos-
mological constants
λ(i) = (−1)ℓ−1X (ai). (5.37)
(iii) g(0) is an m0-dimensional Einstein metric with the cosmological constant
λ(0) = (−1)ℓ−1α0. (5.38)
Theorems 5.2 and 5.3 give a complete local classification of Einstein spacetimes
admitting a rank-2 closed CKY tensor. We call these metrics the generalized Kerr-
NUT-(A)dS metrics. Important examples are given by a special class of the Kerr-
(A)dS metrics. The general D-dimensional Kerr-(A)dS metric has an isometry R×
U(1)n, n = [(D − 1)/2].3), 4) This symmetry is enhanced when some of rotation
parameters coincide. Such metrics can be written as the generalized Kerr-NUT-
(A)dS metrics with the Fubini-Study metrics on the base space B ≡ CPm1−1× · · ·×
CP
mN−1(mi represents the multiplicity of the rotation parameters.). In particular
the (D = 2n + 1)-dimensional metric with all rotation parameters equal has an
isomery R× U(n) and B = CPn−1.
The generalized Kerr-NUT-(A)dS metrics are also interesting from the point of
view of AdS/CFT correspondence. Indeed, BPS limit leads odd dimensional Einstein
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metrics to Sasaki-Einstein metrics5), 85)–87) and even dimensional Einstein metrics to
Calabi-Yau metrics.88)–90) Especially, the five-dimensional Sasaki-Einstein metrics
have emerged quite naturally in the AdS/CFT correspondence.91), 92) The related
topics will be briefly discussed in section 6.2.
§6. Further Developments
6.1. Killing-Yano symmetries in the presence of skew-symmetric torsion
In this section we discuss the symmetries of black holes of more general theo-
ries with additional matter content, such as various supergravity theories or string
theories. These black holes are usually much more complicated and the presence of
matter tends to spoil many of the elegant properties of the Kerr black hole. Re-
cently, there has been success in constructing charged rotating black hole solutions
of the supergravity theories.93)–97) This is because these theories possess global sym-
metries, and they provide a generating technique that produces charged solutions
from asymptotically flat uncharged vacuum solutions. However, it is known that
such a generating technique does not work for search of AdS black hole solutions of
gauged supergravity theories. In these theories some guesswork is required rather
than systematic construction.95), 98)–108)
Here, we discuss a Killing-Yano symmetry in the presence of skew-symmetric
torsion. The spacetimes with skew-symmetric torsion occur naturally in supergrav-
ity theories, where the torsion may be identified with a 3-form field strength.34)
Black hole spacetimes of such theories are natural candidates to admit the Killing-
Yano symmetry with torsion. This generalized symmetry was first introduced by
Bochner and Yano20) from the mathematical point of view and recently rediscov-
ered32), 109)–111) as a hidden symmetry of the Chong–Cvetic–Lu¨–Pope rotating black
hole of D = 5 minimal gauged supergravity.98) Furthermore, this was found in
the Kerr-Sen black hole solution of effective string theory93), 112) and its higher-
dimensional generalizations.33), 113) The discovered generalized symmetry shears al-
most identical properties with its vacuum cousin; it gives rise to separability of the
Hamilton-Jacobi, Klein-Gordon and Dirac equations in these backgrounds.
These results produce the natural question of whether there are some other
physically interesting spacetimes which admit the Killing-Yano symmetry with skew-
symmetric torsion. It is the purpose of this section to present a family of spacetimes
admitting the generalized symmetry with torsion, and hence to show that such sym-
metry is more widely applicable.
6.1.1. Generalized Killing-Yano symmetries
We first recall some notations concerning a connection with totally skew-symmetric
torsion. Let T be a 3-form and ∇T be a connection defined by
∇TXY = ∇XY +
1
2
∑
a
T (X,Y, ea)ea , (6.1)
where ∇a is the Levi-Civita connection and {ea} is an orthonormal basis. One can
characterize this connection geometrically: the connection ∇Ta satisfies a metricity
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condition ∇Ta gbc = 0, and geodesic-preserving if and only if the torsion T lies in
3-form. The second condition means that the connection ∇Ta has the same geodesic
as ∇a. For a p-form Ψ the covariant derivative is calculated as
∇TXΨ = ∇XΨ −
1
2
∑
a
(X−| ea−| T ) ∧ (ea−|Ψ ) . (6.2)
Then, we define the differential operators
dTΨ =
∑
a
ea ∧ ∇TeaΨ , δTΨ = −
∑
a
ea−|∇TeaΨ . (6.3)
A generalized conformal Killing-Yano (GCKY) tensor k was introduced32) as a
p-form satisfying for any vector field X
∇TXk =
1
p+ 1
X−| d
Tk − 1
D − p+ 1X
∗ ∧ δTk . (6.4)
In analogy with Killing-Yano tensor with respect to the Levi-Civita connection, a
GCKY p-form f obeying δTf = 0 is called a generalized Killing-Yano (GKY) ten-
sor, and a GCKY p-form h obeying dTh = 0 is called a generalized closed conformal
Killing-Yano (GCCKY) tensor.
Proposition 6.1 GCKY tensors possess the following basic properties:32)
1. A GCKY 1-form is equal to a conformal Killing 1-form.
2. The Hodge star ∗ maps GCKY p-forms into GCKY (D − p)-forms. In partic-
ular, the Hodge star of a GCCKY p-form is a GKY (D−p)-form and vice versa.
3. When h1 and h2 is a GCCKY p-form and q-form, then h3 = h1 ∧ h2 is a
GCCKY (p + q)-form.
4. Let k be a GCKY p-form. Then
Qab = kac1···cp−1kb
c1···cp−1 (6.5)
is a rank-2 conformal Killing tensor. In particular, Q is a rank-2 Killing tensor
if k is a GKY tensor.
From these properties, we find that a GCCKY tensor also generates the tower of
commuting Killing tensors in the similar way to section 3.2. On the other hand, there
is a difference between the closed CKY 2-form and the GCCKY 2-form.33) When the
torsion is present, neither δTh nor δh are in general Killing vectors and the whole
construction in section 3.2 breaks down. In this way, torsion anomalies appear
everywhere in considering geometry with the GCCKY 2-form. Does the existence of
a GCCKY 2-form h imply the existence of the isometries? The Kerr–Sen black hole
spacetime (and more generally the charged Kerr-NUT metrics) studied in the next
section provides an example of geometries with a non-degenerate GCCKY 2-form
and n+ ε isometries.
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We should emphasize that torsion anomalies appear in contributions of a GC-
CKY 2-form to separation of variables in field equations. As already explained,
separation of variables in differential equations is deeply related to the existence of
symmetry operators, which commute between themselves and whose number is that
of dimensions. In the presence of torsion, the commutator between a symmetry oper-
ator generated by a Killing tensor and the laplacian doesn’t vanish in general. This
means that a GCCKY 2-form no longer generates symmetry operators for Klein-
Gordon equation. Similarly, it is known that the non-degenerate GCCKY 2-form
doesn’t in general generate symmetry operators for Dirac equation,114) while it is
possible for primary CKY tensor.
6.1.2. Charged rotating black holes with a GCCKY 2-form
We have seen that, when the torsion is an arbitrary 3-form, one obtains various
torsion anomalies and the implications of the existence of the generalized Killing-
Yano symmetry are relatively weak compared with ordinary Killing-Yano symmetry.
However, in the spacetimes where there is a natural 3-form obeying the appropriate
field equations, these anomalies disappear and the concept of generalized Killing-
Yano symmetry may become very powerful.
Let us consider D-dimensional spacetimes admitting a GCCKY 2-form. The
GCKY equation is rather analogous to the CKY equation, which leads us to a fairly
tight ansatz for the metric. Actually we consider the following metric:
g =
ℓ∑
µ=1
Uµ
Xµ
dx2µ +
ℓ∑
µ=1
Xµ
Uµ
(
ℓ−1∑
k=0
A(k)µ θk −
1
Φ
ℓ∑
ν=1
Yν
Uν
ℓ−1∑
k=0
A(k)ν θk
)2
+
N∑
i=1
ℓ∏
µ=1
(x2µ − a2i )g(i) +A(ℓ) g(0). (6.6)
The conventions are the same ones as Eq. (5.25). The only difference is in the
second term, where new functions Yµ (µ = 1, · · · , ℓ) are introduced. The functions
Yµ depend on the single variable xµ like Xµ and Φ is defined by
Φ = 1 +
ℓ∑
µ=1
Yµ
Uµ
. (6.7)
When we assume the following torsion 3-form
T = −
ℓ∑
µ=1
√
Xµ
Uµ
eµˆ ∧
(
n∑
ρ=1
∂ρΦ
Φ
eρ ∧ eρˆ +
N∑
i=1
Ξi
mi∑
α=1
eα(i) ∧ eαˆ(i)
)
, (6.8)
where
Ξi =
2
Φ
ℓ∑
µ=1
Yµ
Uµ
ai
x2µ − a2i
, (6.9)
then there exists a rank-2 GCCKY tensor h which takes the form (5.32).
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In supergravity theories, the metric g and the 3-form field strength H = dB −
A∧ dA identified with the torsion T are required to satisfy the equations of motion
which are generalization of the Einstein equations. For this, in addition, a dilaton
field φ, and a Maxwell field F = dA (2-form) are introduced, and the equations of
motion (in the string frame) can be written as93), 97), 115)
Rab −∇a∇bφ− F ca Fbc −
1
4
H cda Hbcd = 0 ,
d
(
eφ ∗ F
)
= eφ ∗H ∧ F , d
(
eφ ∗H
)
= 0 ,
(∇φ)2 + 2∇2φ+ 1
2
FabF
ab +
1
12
HabcH
abc −R = 0 . (6.10)
These equations determine the unknown functions Yµ as
Yµ = aXµ +
N∏
i=1
(x2µ − a2i )(bℓ−1−Nx2(ℓ−N−1)µ + · · ·+ b1x2µ + b0) . (6.11)
Then, the Maxwell potential A and the dilaton field φ become
A =
κ
Φ
ℓ∑
µ=1
Yµ
Uµ
ℓ−1∑
k=0
A(k)µ θk , φ = logΦ. (6.12)
In the expressions (6.11) and (6.12) the function Xµ is given by Eq. (5.33) with
Λ = 0, and a, κ, {bα}α=0,··· ,ℓ−2−N (bℓ−1−N ≡ aκ2 − 1) are arbitrary constants with
the range 0 ≤ N ≤ ℓ − 1. When we take the special choices of the constants,
the solutions represent charged rotating black hole solutions including the Kerr-Sen
black hole and its higher-dimensional generalizations. The torsion anomalies vanish
on these black hole spacetimes, and hence one can expect integrable structure in
various field equations like the Kerr background.
6.2. Compact Einstein manifold
In section 5 we have given an explicit local classification of all Einstein metrics
with a rank-2 closed CKY tensor. Remarkably, this class of metrics includes the
Kerr-NUT-(A)dS metrics, which are the most general Einstein metrics representing
the rotating black holes with spherical horizon. This section is concerned with the
construction of compact Einstein manifolds admitting the CKY tensor. This is an
important issue to study the compactifications of higher-dimensional theories such
as supergravity and superstring theories. Examples of compact Einstein manifolds
are rather rare. The first non-homogeneous example is an Einstein metric on the
connected sum CP2♯CP2. This was discovered by Page30) as a certain limit of the 4-
dimensional Kerr-de Sitter black hole. Then, Be´rard-Bergery116) and Page-Pope117)
generalized Page’s example. They independently obtained Einstein metrics on the
total space of S2-bundles over Ka¨hler-Einstein manifolds with positive first Chern
class. Furthermore, these metrics were generalized to Einstein metrics on S2-bundles
with the base space of a product of Ka¨hler-Einstein manifolds.118) As a different
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generalization, an infinite series of Einstein metrics was constructed on S3-bundles
over S2.31) They appear as a limit of the 5-dimensional Kerr-de Sitter black hole.
This work was generalized in the paper4) , where Einstein metrics were constructed
on Sn-bundles over S2 (n ≥ 2).
The geometry with CKY tensor may be related to the Ka¨hler geometry studied
by Apostolov et.al in a series of papers.119), 120) They introduced the notion of a
hamiltonian 2-form, and obtained a classification of all Ka¨hler metrics admitting
such a tensor. By taking a BPS limit, one can obtain such Ka¨hler metrics from the
generalized Kerr-NUT-(A)dS metrics. Along this line several Sasaki-Einstein metrics
and Calabi-Yau metrics were constructed.5), 85)–90), 121)
Finally, we briefly discuss the Einstein metrics over compact Riemannian mani-
folds that are obtained from the metric (5.25). For general values of the parameters
in (5.33) the metrics do not extend smoothly onto compact manifolds. However, this
can be achieved for special choices of the parameters. For simplicity we consider
N = 1 case: let (B, g, ω) be a 2m-dimensional compact Ka¨hler-Einstein manifolds
with positive first Chern class c1(B). One can write as c1(B) = pα, where α is an in-
divisible class in H2(B;Z) and p is a positive integer∗) . Let Pk1,k2,··· ,kn be an n-torus
bundle over B classified by integers (k1, k2, · · · , kn) and let M (ε)k1,k2,··· ,kn (ε = 0, 1) be
the S2n−ε-bundle over B associated with Pk1,k2,··· ,kn . Then we obtain the following
theorems:122)
Theorem 6.1 If kα are positive integers satisfying 0 < k1 + k2 + · · ·+ kn < p, then
M
(0)
k1,k2,··· ,kn
admits an Einstein metric with positive scalar curvature.
Theorem 6.2 If kα are positive integers, then M
(1)
k1,k2,··· ,kn
admits an Einstein met-
ric with positive scalar curvature. In particular, if k1 + k2 + · · · + kn = p, then
M
(1)
k1,k2,··· ,kn
admits a Sasaki-Einstein metric.
These provide a unifying framework for the works,4), 30), 31), 116), 117), 123), 124) and
at the same time gives a new class of compact Einstein manifolds. For example, we
can obtain 5-dimensional Einstein metrics on M
(1)
k1k2
, S3-bundle over S2 ≃ CP1, as
follows. Let us consider the case B = CP1. For the real numbers ν1 and ν2 we put
Λ = 4(1 − ν21ν22)/(2 − ν21 − ν22) , and take the following function X ≡ X1 (5.33),
X(x) =
(x2 − ν21)(x2 − ν22 )(1− Λx2/4)
x2(x2 − 1) . (6
.13)
If we choose the parameters {να}α=1,2 as
k1 =
ν1(1− ν22)(2− ν22 − ν21ν22)
1 + ν41ν
2
2 + ν
2
1ν
4
2 − 3ν21ν22
, k2 =
ν2(1− ν21)(2− ν21 − ν21ν22)
1 + ν41ν
2
2 + ν
2
1ν
4
2 − 3ν21ν22
, (6.14)
the corresponding metric (5.25) is just the Einstein metric found in the paper31) (see
∗) The integer p is always smaller than m+1 with equality only if B is the complete projective
space CPm.
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Fig. 1. Moduli space of Einstein metrics. We denote by circles and crosses the solutions to (6.14)
for positive integers k1 and k2. Circles have the topology of the non-trivial S
3-bundle over S2.
Crosses correspond to topology S3 × S2.
Figure 1). The case (k1, k2) = (1, 1) corresponds to the homogeneous Sasaki-Einstein
metric known in the physics literature as T 1,1.
§7. Summary
We have reviewed recent developments about exact solutions of higher-dimensional
Einstein equations and their symmetries. Guided by symmetries of the Kerr black
hole we introduced conformal Killing-Yano (CKY) tensors. We forcused mainly on
the rank-2 closed CKY tensor, which generates mutually commuting Killing tensors
and Killing vectors. The existence of the commuting tensors underpins the separation
of variables in Hamiton-Jacobi, Klein-Gordon and Dirac equations. The main results
are summarized in theorems 5.1-5.3, which give a classification of higher-dimensional
spacetimes with a CKY tensor :
• Kerr-NUT-(A)dS black hole spacetime is the only Einstein space admitting a
principal CKY tensor.
• The most general metrics admitting a rank-2 closed CKY tensor become Kaluza-
Klein metrics (5.25) on the bundle over Ka¨hler manifolds whose fibers are Kerr-
NUT-(A)dS spacetimes.
• When the Einstein condition is imposed, the metric functions are fixed as (5.33)
36 Y. Yasui and T. Houri
with the Ka¨hler-Einstein (and/or general Einstein) base metrics.
Based on these results we further developed the study of Killing-Yano symmetry
in the presence of skew-symmetric torsion and presented exact solutions to supergrav-
ity theories including the Kerr-Sen black hole. Although we did not discuss in this
paper, Dirac operators with skew-symmetric torsion naturally appear in the spino-
rial field equations of supergravity theories.34), 125) This provides an interesting link
to Ka¨hler with torsion (KT) and hyper Ka¨ler with torsion (HKT) manifolds126),127)
which have applications across mathematics and physics.
Recently, by Semmelmann61) global properties of CKY tensors were investigated.
He showed the existence of CKY tensors on Sasakian, 3-Sasakian, nearly Ka¨hler and
weak G2-manifold. These geometries are deeply related to supersymmetric compact-
ifications and AdS/CFT correspondence in string theories.128), 129) In section 6.2 we
presented an explicit method constructing Sasakian manifolds from the generalized
Kerr-NUT-(A)dS metrics. It is an interesting question whether the presented method
or its generalizations can provide a new construction in the remaining geometries.
Regarding separability of gravitational perturbation equations, it is known that
the separation of variables occurs for some modes in five dimensions131) and for
tensor modes in higher dimensions.130), 132) However, the connection with Killing-
Yano symmetry is not clear even four dimensions. It is important to clarify why the
separability works well and also important to study whether Killing-Yano symmetry
enables the separation for more general perturbations.
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